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Abstract 
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1 Introduction 


The notion of the positive principal series representations, or simply positive representa¬ 
tions, was introduced in ESI as a new research program devoted to the representation 
theory of split real quantum groups U qq (gm). It uses the concept of modular double for 
quantum groups [6][7], and has been studied for U qq (sl(2, R)) by Teschner et al. [TI [27lf28] . 
Explicit construction of the positive representations V\ of U qq (gm) associated to a simple 
Lie algebra g has been obtained for the simply-laced case in m and non-simply-laced 
case in m , where the generators of the quantum groups are realized by positive essen¬ 
tially self-adjoint operators. Furthermore, since the generators are represented by positive 
operators, we can take real powers by means of functional calculus, and we obtained the 


so-called transcendental relations of the (rescaled) generators (cf. (2.291): 


e i = e, 


it = f' 


K, = K 


i = 1 ,..., n 


( 1 . 1 ) 
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where n=rank g, giving the self-duality between different parts of the modular double, 
while in the non-simply-laced case, new explicit analytic relations between the quantum 
group and its Langlands dual have been observed na- 

One important open problem is the study of the tensor product decompositions of the 
positive representation V\ 0 Vf ,. It is believed that the positive representations are closed 
under taking tensor product, which, together with the existence of the universal R operator 
j!6] , lead to the construction of new classes of braided tensor category and hence to further 
applications parallel to those from the representation theory of compact quantum groups. 
In a recent work m , we studied the tensor product decomposition restricted to the positive 
Borel part U qq ( b®) which is defined in the C*-algebraic setting by certain multiplier Hopf-* 
algebra, and we show that the decomposition is closely related to the so-called quantum 
higher Teichmiiller theory and provides evidences for the decomposition of the full 

quantum group in general. However, taking the full quantum group into account is much 
more difficult. In the case of U qq {s\{2, R)), this was accomplished in 1261 128] by means of 
the decomposition of the Casimir operator 


C = FE + 


qK + q~ 1 K~ 1 
{q-q- 1 ) 2 


( 1 . 2 ) 


which is central in Z4j q (.s[(2, R)) and its spectral decomposition in V\ ®'P Al uniquely deter¬ 
mines its decomposition into positive representations. Therefore we are interested in the 
higher rank situation by looking at the appropriate central elements and study its spectral 
decomposition. 

One important object to study in any representation theory is the notion of central 
characters, i.e. the action of the center of the algebra on irreducible representations, 
which necessarily act as scalars. It is well-known that the center of W 9 (g) is generated 
by rank g elements which we called the generalized Casimir operators. In this paper, we 
will take the same set of generators of the center of the compact W^(g) as our generalized 
Casimir operators for the split real quantum group W qq (g r). We calculate the eigenvalues 
of the generalized Casimir operators acting on the positive representation V\, which is 
irreducible. Their actions are well-defined on the core of V\, which extends to the domain 
of definition of the unbounded operators represented by the generators {e^, f Ki} of the 
split real quantum group. 

There are many ways to choose the generating set of the center as the generalized 
Casimir operators [5];29]|33]- In this paper, we will use a modified version from [22] and 
define 


C k = Tr\ q Vk (RR 2 i), k = 1,...,n (1.3) 

where 14 is the fundamental representations of the compact quantum group W q (g), R is 
the universal R matrix, and Tr q is the quantum trace taken over the representation Vi of 
W 9 (g). However, in our construction, Tr q is twisted instead by a central element u that is 
related to the antipode of the modular double U qq {g r). These operators Cr- are then acted 
on the positive representations V\ as certain scalars. Our main results is the following 
(Theorem |6.2| ) 

Main Theorem. The operators Ck acts on V\ as scalars C4(A) which are positive, and 
bounded below by dim 14 for every parameters A = (Ai,...,A n ) € R> 0 - Furthermore, they 
can be given by the Weyl character formula. 
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We also note that unlike the case of compact quantum groups, by rescaling the pa¬ 
rameters Ai, the eigenvalues Ck{ A) are independent on q. Together with the conjecture 
that the positive representations should be closed under tensor products m this implies 

Conjecture 1.1. The coproduct A(Cfc) of the generalized Casimir operators Ck acting on 
V\ ® "P/i is a positive operator, with spectrum bounded below by dim 14 for all k — 1, ..,n, 
and they can be simultaneously diagonalized. 

Therefore we will call these generalized Casimir operators the positive Casimirs of the 
modular double of split real quantum groups U qq (gw). In particular, we believe that just 
like the case in U qq (sl(2, R)), the decomposition of these operators in the tensor product 
will give explicitly the decomposition of V\ ® . 

In the classical case, one calculate the eigenvalues of Cfc by acting on the highest 
weight vector, which kills the non-Cartan part, giving the (quantum) Harish-Chandra 
homomorphism projecting onto the Cartan part, where the eigenvalues can be calculated 
by the information from the highest weight. In the case of positive representation, the 
situation is fundamentally different because the representation V\ is infinite dimensional, 
and we do not have a highest or lowest weight vector. In this paper, we introduced the 
notion of virtual highest/lowest weight to deal with this problem, which follows from a 
new combinatorial description of the positive roots (Proposition |5.4| 

t 

Si^Si2 ■ • .Si^(Ufc) — Oik ^ ' aijkSi-,Si2-..Sij_i(Oiij'), (1.4) 

1 = 1 

where Si are the root reflections, ak are the positive simple roots, and a l; j are the Cartan 
matrix elements. 

We observed two aspects that might relate the results of the split real case to that of the 
compact case. Using the virtual highest and lowest weights, we found that each component 
of these weights look like certain analytic continuation to the complex line § + i*>o- 
On the other hand, we also note that the calculations of the action of the generalized 
Casimir operators depend solely on the information provided by the finite dimensional 
fundamental representations of the compact quantum groups. This interplay between 
(finite dimensional) representations 14 of the compact group, and its action on the (infinite 
dimension) positive representations V\ of the split real quantum group is interesting on 
its own. We believe that these concepts can be carried further to provide more analogous 
results from the compact quantum groups to their split real version, including the tensor 
product decomposition and categorification, by means of certain analytic continuations. 
These will be explored further in separate publications. 

Finally, to study the spectral decomposition of the tensor product of Casimir operators, 
one is interested in the region 1Z defined by the eigenvalues of these operators. This is the 
region defined by the image of 

d* : R>o — —> »>o (1-5) 

(Ai, ..., A„) 1-4 (Cl(A), ..., C'n(A)), 

and it turns out that the image is a semi-algebraic set bounded by the so-called discrimi¬ 
nant variety (or divisor) [111 1311132] , which is studied extensively from a totally different 
point of view in the theory of primitive forms. This provides a homeomorphism between 
the positive Weyl chamber with the image 7Z , and the origin is mapped to a cusp-like 
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singularity, given at (di, ...,d„) where dk is the dimension of the fundamental representa¬ 
tions 14. Furthermore, these images are again independent on the choice of the quantum 
parameter q. We will provide the descriptions of these regions in the rank 2 and 3 cases, 
together with some explicit expressions of the generalized Casimir operators themselves. 

The paper is organized as follows. In Section[2] we fixed the notation for roots systems 
and the Drinfeld-Jimbo quantum groups, and recall the definition of positive representa¬ 
tions of split real quantum groups as well as the construction of the universal R matrix. In 
Section[3] we recall the situation in U q q{sl{ 2,R)) due to [2128]. In Section[4]we discuss the 
construction of the generalized Casimir operators. In Section [5] we introduce the notion 
of virtual highest and lowest weight in order to calculate the central characters of the 
Casimirs in Section [6] Finally in Section [7] we describe the regions defined by the central 
characters of the generalized Casimir operators, and discuss in Section [8] some explicit ex¬ 
amples in the low rank cases. In the appendix we recall the dimensions of the fundamental 
representations 14 and also provide the graphs of 1Z in lower rank cases. 

Acknowledgment. I would like to thank Kyoji Saito and Todor Milanov for stimu¬ 
lating discussions about the discriminant varieties and Weyl invariant polynomials. This 
work was supported by World Premier International Research Center Initiative (WPI 
Initiative), MEXT, Japan. 


2 Preliminaries 

Throughout the paper, we will fix once and for all q = e* lb with i = \/—l, 0 < b 2 < 1 
and b 2 £ K \ Q. We also denote by Q = b + 6 _1 . Also let I = {1, 2,..., n} denotes the set 
of nodes of the Dynkin diagram of the simple Lie algebra g where n = rank( g). 


2.1 Notation for roots and weights 

Definition 2.1. Let (—, —) be the W-invariant inner product of the root lattice where W 
is the Weyl group of the Cartan datum. Let at € A + , i £ I be the positive simple roots, 
and we define 


= 2(Qi,Qj) 
, (Xi ) 


( 2 . 1 ) 


where A = ( aij ) is the Cartan matrix. 


Definition 2.2. We denote by Hi £ f) the coroot corresponding to the positive simple root 
ai. The fundamental weights Wi £ f)jg are dual to the simple coroots and are given by 

( 2 . 2 ) 

such that {wi,ofj) = 5ij, where the coroot Hj := aj := r00 ^ ^ a tt* ce - 

Similarly, we denote the corresponding fundamental coweights Wi £ f)u in the real span 
of fi dual to the simple roots by 

(2.3) 

Definition 2.3. We let 

P'-= \ E a = J2 w ' = I2 diW ' ( 2 - 4 ) 

Q-GA+ * * 
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be the half sum of positive roots, or equivalently, the sum of fundamental weights, or the 
rescaled sum of fundamental coweights, where di = . 

Definition 2.4. For (Ai,A n ) £ R 71 and bj £ R, let 

n 

A b •= 'y Ay bj Wj £ (2-5) 

3=1 


be a vector in the real span of f). 

Proposition 2.5. The Weyl group action on the positive simple roots are given by 

Si ■ aj = otj — aijCti, (2-6) 

where Si £ W is the simple reflection corresponding to the root ai. Then 

n 

Si ■ Wj = Wj — Sijaj = Wj — Sij ^2 a ikWk, (2.7) 

k= 1 

and the Weyl group action of At is given by 

n 

• Ab = A jbjWj - Xibiai (2.8) 

3 =1 
n 

= ] (Xjbj — aij\ibi)Wj. (2-9) 

3 = 1 


2.2 Definition of U q (q) and U q q{Q^) 

In order to fix the convention we use throughout the paper, we recall the definition of 
the Drinfeld-Jimbo quantum group U q (g m) where 0 is a simple Lie algebra of general type 

Him. 

Definition 2.6. Let ai, i £ / be the positive simple roots, and we define 

f a,) 7rib? 

qi : = gai : = e •, (2.10) 


We will let an be the short root in type B n and the long root in type C n ,F 4 , and G 2 . 
We choose 


-(ai,ai) 



1 i is long root or in the simply-laced case, 
| i is short root in type B, C, F, 

3 i is short root in type G 2 , 


( 2 . 11 ) 


and (ai,aj) = —1 when i,j are adjacent in the Dynkin diagram. 

Therefore in the case when £| is of type B n , C n and F 4 , if we define bi = b, and b a = ~^= 
we have the following normalization: 


Qi = 


7)2 

e 7 ” 1 = q i is long root, 

.,2 1 

e nl “ = q 2 i is short root. 


( 2 - 12 ) 
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In the case when g is of type Gi, we define bi = b, and b s = -^=, and we have the following 
normalization: 


<li = 


e Wlb ‘ =q 
e"* = qi 

i is long root, 

i is short root. 

(2.13) 

) denotes the Cartan matrix. Then U q (g) with q = 
i and K? 11 , i € I subject to the following relations: 

e™ 6 ' is 

KiEj = 

T EjK,. 

(2.14) 

K,F :l = 

q, F,K. 

Ki - A'r 1 

(2.15) 

[Ei,F 3 ] = 

A- ■ 1 

u *3 _1 J 

(2.16) 


H-Qi 


together with the Serre relations for i ^ j: 

1 — a 7 - a 


j [1 -o« 

1 — a-ij 

ST'' / I'lfe [1 — ajj]gj 

j [l-a, v -&;„!>]. 


EiEiEj aij k = 0 , 


Fi Ft Fj aij k = 0, 


(2.17) 

(2.18) 


where 



Definition 2.8. By abuse of notation, we will denote formally 



(2.19) 


( 2 . 20 ) 


where Hi £ fj is the simple coroot in the Cartan subalgebra. Furthermore, we allow frac- 

i 

tional powers of Ki by adjoining the elements Kf into U q (o), where c = detA € N is the 
determinant of the Cartan matrix, and again denoting the resulting algebra byU q (g). 


We choose the Hopf algebra structure of U q (g) to be given by 

A (Ei) =1 ®Ei + Ei® Rj, (2.21) 

A(Fi) =K~ 1 ® Fi + Fi®l, (2.22) 

A (Ki)=Ki<S>Ki, (2.23) 

e{Ei) =e(Fi) = 0, e(Ki) = 1, (2.24) 

S{E i ) = -q i E i , S(F i ) = -q- 1 F i , S(Ki) = K~ 1 . (2.25) 

We define W 9 ( 0 r) to be the real form of U q (q) induced by the star structure 

E*=Ei, F* = Fi, K* = Ki. (2.26) 

Finally, according to the results of |141 II5 |. we define the modular double ld qq {gm) to be 
U qq (gw) ■■= H q (gm) ® U q {$m), 0 is simply-laced, (2.27) 

Hq q (sm) : = U q ($m) 0 U q ( L Qm), otherwise, (2.28) 


., —2 T 

where q = e nl s , and 0 m is the Langlands dual of 0 r obtained by interchanging the long 
roots and short roots of 0 k . 
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2.3 Positive representations of U q q{Q®) 

Ill [10"i . 141115] . a special class of representations for U qq {gM.), called the positive representa¬ 
tions, is defined. The generators of the quantum groups are realized by positive essentially 
self-adjoint operators, and also satisfy the so-called transcendental relations, relating the 
quantum group with its modular double counterpart. More precisely, we have 


Theorem 2.9. Let the rescaled generators be 



Note that 

[ - ) = 2 sin(7r&i) > 0. 

/ 

Then there exists a family of representations V\ ofU qq (g m) parametrized by the R + -span 
of the cone of positive weights A £ C ()k, or equivalently by A := (Ai,...,A n ) £ R+ 
where n = rank(g), such that 

• The generators Ki are represented by positive essentially self-adjoint operators 
acting on L 2 (R^ U ' 0 ^), where l(wo) is the length of the longest element wo £ W of 
the Weyl group. 

• Define the transcendental generators: 





(2.30) 


Then 

— if 0 is simply-laced, the generators ei,f t ,Ki are obtained by replacing b with 
6 -1 in the representations of the generators ei,f t ,Ki. 

— If g is of type B,C, F, G, then the generators Ei,Fi,Ki with 



generate U q { 0 k) defined in the previous section. Here qi = e 7 ” > . 

• The generators and ei,f i ,Ki commute weakly up to a sign. 

The positive representations are constructed for each reduced expression wo £ W of 
the longest element of the Weyl group, and representations corresponding to different 
reduced expressions are unitary equivalent. 

Definition 2.10. Fix a reduced expression of wo = Si 1 ...Si N . Let the coordinates of 
L 2 (M. n ) be denoted by {Ui} so that i is the corresponding root index, and k denotes the 
sequence this root is appearing in wo from the right. Also denote by {tij the same set 
of coordinates counting from the left, and v(i, k) the index such that ul = v v (i,k). 

Example 2.11. The coordinates of L 2 ( R 6 ) for A 3 corresponding to wo = S3S2S1S3S2S3 is 
given by 


{u 3 3 ,ul,u\,u 2 3 ,u\,u\) = {v\,V2,V3,Vi,Vs,Vs). 







Definition 2.12. We denote by p u = and 

e(u) :=e nbu , [m] := e(u) + ? _5 e(— u). 


(2.32) 


so that 

M t r\ \ t i 7r bu , — i —nbu \ —2 tv bp 7rb(u — 2p) , 7rb( — u — 2p) 

e(—2p):=(q 2 e +q 2 e )e p = e K + e y 
is positive whenever [p,«] = . 

Definition 2.13. By abuse of notation, we denote by 

[ Ms + Ul ]e{-2Ps - 2pi) := ^>>s(-u s -2 Pe ) + -nb l (-u l -2 Pl ) + e ^ s (x I „-2p a )+ 7 r6 i (« i -2p ! ) ) 


(2.33) 


(2.34) 


where u s (resp. ui) is a linear combination of the variables corresponding to short roots 
(resp. long roots). The parameters \i are also considered in both cases. Similarly p s (resp. 
Pi) are linear combinations of the p shifting of the short roots (resp. long roots) variables. 
This applies to all simple jj, with the convention given in Definition\2.6\ 


Theorem 2.14. 15) Using the notation of Definition \2.1o\ for a fixed reduced expres¬ 

sion of wo = Si 1 ...Si N , the positive representation V\ is given by 


*=£ 


u(i,k)~ 1 


^ ( ai^iVj Ui 2A 7 


j'=i 


e(2p?), 


/ l(w o) \ 

Ni —C I ^ ( ai^.iVjc 2A i I . 


(2.35) 

(2.36) 


where m is the number of root index i appearing in wo- By taking wo = w'si so that the 
simple reflection for root i appears on the right, the action of is given by 

ei =[uj]e(—2pl). (2.37) 


Let us recall the explicit expression for the positive representations in the case of 
Uqq(sl(2, R)). For details of the construction and the other cases please refer to [141 IT5] . 

Proposition 2.15. The positive representation V\ ofU q q(s 1(2, R)) acting on L 2 (M.) 

by positive unbounded essentially self-adjoint operators is given by 

e = [u - A]e(-2p) := e ^~u+x- 2 P ) + ^(u-A-ap), 

f = [-u - A]e(2p) := e* b (u+\+2 P ) + e nb(-u-\+ 2 P ), 

K =e(-2 u) := e~ 2nbu . 

Note that it is unitary equivalent to the canonical form (|2.35|)-p.37[) by u i-4 u + X. 
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2.4 Universal R matrices for U q (g) 

Here we summarize the construction of universal R matrices for the braiding of U q ($). 
Let q := e ^ 2 . It is known [3J |TS] that for the quantum group Uh{ 0 ) as a C[[ft]]-algebra 
completed in the ft-adic topology, one can associate certain canonical, invertible element 
R in an appropriate completion of (Wh(p ))® 2 such that the the braiding relation 

A'{X)R:= (ao A)(X)R = RA(X), a(x®y)=y®x (2.38) 

is satisfied. 

For the quantum group Uh(q) associated to the simple Lie algebra p, an explicit mul¬ 
tiplicative formula has been computed independently in eh and [23], where the central 
ingredient involves the quantum Weyl group which induces Lusztig’s isomorphism Ti. Ex¬ 
plicitly, let 

[U, V]q := qUV - q~ 1 VU (2.39) 

be the 5 -commutator. 

Definition 2.16. l2l\ \24V The Lusztig’s isomorphism is given by 

Ti{Kj) = KjK~ aij , T i (E i ) = -q i F l K-\ Ti(fi) = -qf l KiE u (2.40) 


Ti(Ej) *=(—l)“ y 


Tift) =, 


Ei, ... \Ei , Ej ] 

“i7+ 2 


1i 2 J 


Ft, ...[Fi,Fj] 


,+2 


Note that we have slightly modified the notations and scaling used in Ell- 
Proposition 2.17. \24\ 1 25t The operators Ti satisfy the Weyl group relations: 

T 1 r P r T~ ] _ r T 1 r T 1 r T~ ] 

i-L j -Li... — 1 j 1 i± j ... ., 

— --|-2 — oJ ■ • -)-2 


(2.41) 

(2.42) 


(2.43) 


where —a L = max{—a, j,—aji}. Furthermore, for cn,aj simple roots, and an element 
w = Si 1 ...Si k € W such that w(ai) = aj, we have 


Ti 1 ■■■Ti k ( Xi ) — Xj 


(2.44) 


for X = E, F, K. 

Definition 2.18. Define the (upper) quantum exponential function as 


00 z k 

Ex Pq (x) = ^^, 

where [fc] q := T=y- so that 

k ( k — 1) 

\k] q 2 l = [k] q \q 2 . 


(2.45) 


(2.46) 
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Theorem 2.19. \21[\23N Let wo = Si 1 ...Si N be a reduced expression of the longest element 
of the Weyl group. Then the universal R matrix is given by 

R = Q? R(i N \si 1 ...Si N -i)...R(i 2 \s il )R{ii)Q 2 , (2.47) 

where 

n n 

q ■■= n w * -■= ( 2 - 48 ) 

i =1 3=1 

R{i) '=Exp q -2 {{qi - q~ 1 )E i ® Fi), (2.49) 

fl(i,|s il ...a il _ 1 ) :=(TZ l ®TT 1 1 )...{Tr' i ® 2^)%). (2.50) 

In [TB], the universal R operator is studied in the setting of split real quantum groups 
ILqq(gm), where it is expressed as an element in certain multiplier Hopf algebra, and the 
Lusztig’s isomorphisms T are extended to the rescaled positive generators e,;. The rescaled 
image is useful later to describe the generalized Casimir operators in Section [8.2| and [8.4[ 
but we will not need the explicit construction of the universal R operator in this paper. 


3 The case of W g g(s[(2, M)) 


The classical Casimir operator C € Z(U( sb)) in the case of sla is well-known, and it is 
given by 


C = FE+ H + 


(3.1) 


In the case of quantum ^(sh), it is also known that the Casimir operator is given by 


C = FE + 


H + 


(3.2) 


J q 

_ qK + q^R- 1 
= FE H- 7 --T- 7 T-f constant, 


(■ q-Q - 1 ) 2 


where we formally denote by K := q . Rewriting using the rescaling (2.291, we denote 
the rescaled Casimir C as 


which can also be rewritten as 


C = fe — qK — q _1 A' -1 , 


C = ef-q~ 1 K-qR- 1 . 


(3.3) 

(3.4) 


In the case of split real quantum group, the action of C on the positive representation V\ 
from Proposition |2.15] can be computed easily: 

Proposition 3.1. j28l C acts on V\ as multiplication by the scalar 

C( A) = e 2nbx + e~ 2nbx . (3.5) 
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Proof. Using e 27rbA e 2nbB = q ™lA,B) e 2 *HA+B) We have 


C = ie-qK-q~ 1 K~ 1 

— ^ e nb(u+\+2p) 


_(_ e nb(-u-\+2p)\f e irb(u-\-2p) _|_ ^b{-u+X-2p)\ 


— 2irbu 1 2ixbu 

qe — q e 


— 1 2-nbu , 2irbX . — 2nbX . —2irbu 

= q e +e +e + qe 

2irbX | —27r6A 

= e + e 


<?e 


— 1 2-nbu 

q e 


□ 


We see immediately that the eigenvalue is positive and bounded below by 2 for all 
values of A £ R. In particular, since V\ — V~\, the eigenvalues of C(A) and C{— A) 
coincides. In this paper, we will see that these results generalize to all higher ranks. 

In the case of U q q{s{{2, R)), the Casimir operator characterizes the positive represen¬ 
tations. In particular by studying its spectrum, it provides a decomposition of the tensor 
products of V\. 

Proposition 3.2. 126 1 / The Casimir operator C acting on V\ ® V M is unitary equivalent 
to the self-adjoint operator 

^2nbu ^ — 2-nbu ^ ^2irbp ^ 

Sketch of proof. The coproduct of the Casimir operator is given by 

A(C) = C ® K + A' -1 0 C + A _1 e ® fK + f 0 e + (q + q~ 1 )K ~ 1 ® K. 


We note that K, e forms the quantum plane, hence unitary equivalent to a canonical 
representation given by positive operators. In particular e is invertible, and one can 
rewrite the generator f as 

f= (C + qK + q- 1 K~ 1 )e~ 1 , 

which simplifies the expression of A(C). Finally a special function called the quantum 
dilogarithm is used extensively, which provides unitary equivalence between positive self- 
adjoint operators of the form u + v and u whenever uv = q 2 vu (see e.g. m for details). 
This reduces the 14 terms above into the expression of ( |3.6| ). □ 

It turns out this operator played the special role of length operator in quantum Te- 
ichmuller theory, and was studied extensively. 


Lemma 3.3. fT3| \& Of The positive self adjoint operator 

27 rbu . —2nbu . 2iTbp 


' + e 


+ e 


acting on L 2 (R) has a spectral decomposition given by 


/*( 


2nbu . —2izbv 

e + e 


) dp{v), 


where the measure p(u) is given by the quantum dilogarithm. 


(3.7) 


(3.8) 


As a Corollary, we have the following theorem, which is the starting point of the 
research program nsi of representation theory of split real quantum groups as a tool to 
construct new classes of braided tensor categories. 
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Theorem 3.4. \28f The class of positive representations V\ of U qq (s 1(2, R)) is closed 
under taking tensor product. We have the following decomposition of tensor products as 
direct integral 

V\ 0 = f V v dp,(v). (3.9) 

J R + 


4 Generalized Casimir operators 

The center of ld q (g) (in the sense of Definition |2.8[ ) is known to be generated by rank 
g central elements. There are several ways to construct these generators f5l l29l f33l . In 
this paper, we will use a modified version from [25] and construct the generators by 
taking certain quantum trace over the fundamental representations 14 of W 9 (g). It will 
be instructive to reproduce the construction here, since we need to switch the order of 
multiplication later, and slightly modify the quantum trace in order to incorporate the 
modular double in the positive setting. 

Definition 4.1. Let u be an invertible element of U q (g) such that Ad(u) = S 2 is the 
square of the antipode. Let V be a finite dimensional representation of U q (g). We denote 
the quantum trace of x £U q (g) by 

Tr\y{x) := Tr|y(a;w _1 ). (4.1) 

Theorem 4.2. The element 

(l®Tr\ q v )(RR 2 i) (4.2) 


belongs to the center o/Z4j(g), where R is the universal R matrix satisfying the braiding 
relation (2.381. 

Proof. Let 


B = {b € U q ($) ®U q (g) ■ bA’(a) = A'(a)b,Va G U q (g)}, 
1 = (A G U q { S y : A (ab) = \{bS~ 2 (a)), Va, b G W,( fl )}. 


Then RR 21 G B, and 

Tr\\,(ab) = Tr^iabu^ 1 ) = Tr|v(&u _ 1 a) = Tr|v(fe5" 2 (a)u _1 ) = Tr|^( 6 S'“ 2 (a)), 

hence Tr\y G T. Finally we show that if b G B, A G T then (id ® A)( 6 ) belongs to the 
center of U q (g). 

Lemma 4.3. Let A(a) = "^2 «(i) ® «( 2 ) • Then 

Til ® S(a m )) ■ A'(a( 2 )) = a 0 1 = ^ A'(o (2 )) • (1 0 S _1 (a ( ij)). (4.3) 

Proof, using 

(1 ® A)A(a) = (A ® l)A(a) = a (1) 0 a (2 ) 0 a (3 ), 

-S'(a ( i))a ( 2 ) = e(a)l, 
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and 


a( 2 ) 0 e(o(ij)l = a 0 1 , 


LHS equals: 


Similarly for RHS. 
Hence we have 


0(3) 0 iS(0(i))0(2) = 0(2) 0 e(0(i))l = o 0 1 


□ 


a - {id,® A)(&) = {id 0 A)((a 0 1) • 6 ) 

= {id ® A)(^(l (g> S{a( 1 ))) ■ A'(o( 2 )) • 6 ) 
uses def. of I = {id 0 A)(^^ A'(o( 2 )) ■ 6 • (1 0 S' _ 1 (o(i)))) 

uses def. of B = {id 0 A) (6 ■ 5 Z A '(°( 2 )) •( 1 0 'S’ 1 (a ( l)))) 
= {id 0 A)( 6 (o 0 1)) 

= {id 0 A)(fc) • a. 


□ 


Finally, we construct the element m, which gives the antipode for both W 9 ( 0 k) and its 
modular double counterpart Wq((jR). 

Proposition 4.4. 77ie element u is given by 

u = K 2p K 2p :=-.H(q* W ') Tt , (4.4) 

i 

where p is the sum of fundamental weights and Wi the fundamental coweights given in 
Definition \2.S\ 

Proof. It suffices to check this on the generators. We check this for Ej. It is clear that 
the q part commute with Ej. Since Wi = ~^2 k {A~ )i k H k , we have 


[Wi,Ej] = '^{A~ 1 )ik[H k , Ej] = Ys^UakjEj = SijEj. 

k k 


Hence 


uEjU 1 


n («.”•) («.”•) 



S‘(E,). 


The proof for Fj is the similar. Taking the power -i? on both sides proves the case for the 

J 

modular double counterpart Ej , Fj : 


uEjU 1 



Ej — Qj Ej 


S\Ej). 


O 
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Theorem 4.5. The center ofU q (g) is spanned by the n generalized Casimir elements 


(1 <g> Tr\y k )(RR, 2 i), (4.5) 

where 14, k = 1 ,...,n is the k-th fundamental representation ofU q (g), and the quantum 
trace Tr q is taken with respect to u defined in Proposition \f.J\ 


5 Virtual highest and lowest weights 


In classical theory, in order to compute the central characters, i.e., the image of the 
Casimirs on finite dimensional highest weight representation, one writes the Casimir op¬ 
erator in the form of an element in U{ f)) ©W(n“) ®W(n + ). By applying the operator to a 
highest weight vector, only the Cartan part matters, and the eigenvalues can be computed 
from the weights themselves. 

In the case of positive representations, the situation is unfortunately more complicated. 
The positive representations V\ — L 2 (R N ), N = dimZ(ino) is infinite dimensional, and 
there are no highest weight vectors to work with. However, since the representation is 
irreducible, the Casimir operators still acts as scalars. We have seen in Section [3] that C 
acts as a positive scalar in the case of U qq (s\{2,V)) by computing its action directly. 

In this section, we introduce the notion of virtual highest/lowest weight vectors and 
the corresponding virtual highest/lowest weights. From Theorem 2.14[ we see that Ki acts 
as multiplication operators on V\. Hence formally its “eigenvectors” are of the form of 
generalized functions 


N 


— if) :=JJ $(*<-*). 


(5.1) 


One may think of these as distributions on certain subsets W C V\ of the representa¬ 
tion space. One particular choice of W is the standard core of our unbounded operators, 
which is given by the completion of N copies of W C L 2 (R) where 

W = span{e~ ax ~^ x P(x)\a > 0,/3 G C,P(x) = polynomials in a:}. (5.2) 

Now if we write the actions from Theorem |2.14| in a normal ordering, i.e. in terms 
of Laurent polynomials in Ui and Vi where the position operators Ui = e ,TbVi appears to 
the right of the momentum (shifting) operators V) = e" Pi , then the (transpose) action on 
<5(!r( — if) means substituting Ui by the corresponding numbers. 

Definition 5.1. We call if the point of virtual highest (resp. lowest) weight if both 
the actions of ei (resp. f t ) and its modular double counterpart e) (resp. f i ) vanishes on 
<5(lf — if) for every i € I. 

Let Ki acts as the scalar e 2nlbiAi on <5(~af — if). Then Ki acts as e 27rll>i Ai . We call 
A := (Ai,...,A n ) the virtual highest (resp. lowest) weight of the positive representation 
V\ of the modular double U q q(gm) . 

We will see that each positive representation V\ has a unique virtual highest/lowest 
weight. Since we have an explicit formula for the action of fi, in this section we will focus 
on calculating the virtual lowest weight vectors. 
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Lemma 5.2. Let Qi := fc; + b i 1 
[tis +Ui,pi] = 2 ^. Both 


Recall the notations from Definition 


2.13 


Assume 


[-u s - ui]e(2 P i) := 

and its modular double counterpart (cf. oim; 


( e " 


(b s u s -\-bi ui +2b ipi ) 


)* + (■ 


7r( — b s u s — biUi~\-2biPi) A b' 


y 


_ ^7r(b s b^ ^ u s -\-bib^ ^ ui~\~2b^ ^Pi) _|_ r{ — b s b^ ^u s —bib^ ^ U[-\-2b^ 

acts as zero on 5(b a u s +bim + ), and this is a unique solution up to scalar multiples. 

Proof. Rewrite the multiplication operator to the right, we have 


[ u s - ui\e(2pi) : 


_ e n(b 3 u a +b l u l +2b i p i ) _|_ e n (-b a v-s-biv, l +2b i p i ) 

_ \ 2n biPi 7rb s u s -\-TrbiUi . — \ 2tt bipi —7rb s u s —7rbiui 

— Qi ^ ^ I Qi G €■ 


2-nbiPi 


o 7rb s u o +7rb/ ui . — o — ivb^u^ — -nbi ui 

Qi e s 1 1 +qi 2 e 11 


Hence the action is zero if and only if 


0 = qfe 


+ Qi e“ 


>qie 


2nb s u s -\-27vbiUi _ 


= -l 


2'Kb s u s -\-2 , Kbi ui +7rib^ _ 


= -l 


>2Tvb a u a + 2nbiUi + nib 2 = —7ri + 2A;7ri, k £ Z 


>b s u a + biui = — 


i Qibi 


+ hi, k € Z. 


Similarly, the action of the modular double counterpart is zero if and only if 
bsU a + biui = - + kib 2 , k € Z. 

Hence the only solution that works for both case is when k = 0, hence S(b s u s + biui + 1( ^ b ‘ ) 
is the unique solution. P 


Corollary 5.3. In the simply-laced case, [— u]e(2p) and its modular double counterpart 
act as zero on <5(w+ ^). 

Next, we need the following result, which describes a general combinatorics of the 
positive roots. Let (i\, ...fit) be any sequence of the root index, and St the corresponding 
reflections. 

Proposition 5.4. We have 

t 

Si^S 12 • • - Sif (cxk) — ay ^ ^ a^.fcSq st 2 • • -Sij —i(a^j), (5.3) 

j=i 

where at is a positive simple root , and atj the Cartan matrix elements. 
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Proof. We use induction on t. The case for t = 0 is trivial. Assume it holds for t — 1. 
Then we have 

t 

crk ^ k$ii $12 • ■ ‘Sjj_± ) 

3 =1 

t-1 

J=1 

— Q'ifkS§22 • • (otii') 

— Si-^Sj2-”^*^_x(^-A: H'itkdit') 

— S^i Si 2 • ■-5i t (ckfc ) . 

□ 


Recall from ( |2.5| ) 

A b — ' A ibiWi £ 1 )m, 

where A = (Ai,..., A n ) are the parameters of V\, and Wi are the fundamental coweights 
dual to the positive simple roots (cf. Definition 2.2 I. We use the variables Vi of the space 
V\ (cf. Definition |2.10[ ). 

Theorem 5.5. Fix the positive representation V\ corresponding to the longest element 
wo = Si 1 ...Si N of the Weyl group. Under the action of Theorem \2. lf\ the point of virtual 
lowest weight is given by 


where 

2^2 

i 

Proof. Recall that the action of f i is given by 


— . I „ 2A b, Si 1 ...Si j _ 1 (ai j ) 


iQ _ ' iQ i bi 


(5.4) 


* = £ 


v(i,k) — 1 

^ ^ Q'ijji'Vj Ui 2 A i 
3 = 1 


e(2 p?), 


where uf and p f are the (fc-th) variables corresponding to the root i, v(i, k ) is the index 
of v such that v v (i t k) = wf, and k runs over all variables p^ corresponding to the root i. 
For simplicity, let us write v(i , k ) = t. By Lemma |5.2| it suffices to solve 

y aijitbijVj + bi t vt + 2bi t Xi t = — ^-4— *- 
3 = 1 

for all t. We will do this by induction on the variables Vj. 

The case of v\ is easy, since there is only one term: 


bi 1 v i +26i 1 Ai 1 — — 


bi 1 

2 

iQii 


Vi — ^ 2Aj ,. 
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From Proposition |5.4| substituting k = it we have 

t -1 

Giit "y ] a ijit s il S i2 { a ij ) ” S i 2 ■ ■ -Si t _1 ipit ) ■ 

j = l 


Assume (5.41 that the variables Vj have been solved for j < t. Now take the pairing on 
the left hand side we get 

iC^ —> t_1 

~ 2A bi Oii t y O'ijit s i 1 Si 2 

3=1 


Qit bi 


2\i t bi t y ( diji t b lj i 
3=1 


= bi t v t , 


hence 


1 


bit 




v t — , 0 2A6, Sij Si 2 (ai t ) 


as required. □ 

Corollary 5.6. Ki acts on the point of virtual lowest weight by multiplication by 


-qie 




(5.5) 


where o is the unique involution on the Dynkin diagram corresponding to the action of 
the longest element wo■ Hence the virtual lowest weight A = (Ai,..., A n ) such that Ki = 
e 2ntbiAi is given by 


A; m — -*A CT (i). 


Proof. Again from Proposition |2.14| the action of Ki is given by 

/ n A 

Ki — 6 I y ( Ui fc ,iUfc 2Ai 

V fc=l / 

:= exp ^-n’^2 a i k ,ibi k v k - 2nbi\iJ . 
By Proposition |5.4[ substituting k = i and take t = N, we have 


*i y ] a ikiSii s i 2 -..Si k _ 1 (cXi k ) — Sit Si 2 .. .Si N (tti )— 




(5.6) 


Now take the pairing with — 2At,, we get 


i Qibi . . \ ^ , _ lQ(r{i)b(j(i) ... , 
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Also note that Qi = Q a (i) and &; = 6 CT (i)- Hence the action of Ki is given by 


I<i = exp(27rfoiA (T (i) + 7ri Qibi) = —q i e 2nbiX,,( - i \ 


and the virtual lowest weight A; is given by 



(»)• 


□ 

Remark 5.7. Although there is no universal formula for the action of e;, one can still 
solve for the point of virtual highest weights case by case from the explicit formula given 
in \12\ \TSj. In particular the point of virtual highest weight are linear combinations of Hf 
only. The virtual highest weight is then simply given by 

(5.7) 


6 Central characters 


With the notion of virtual lowest weight, it is now easy to calculate the central characters. 
Let Vk be the fc-th fundamental representation of W 9 (g). By Theorem |4.2[ the generalized 
Casimir operator is given by 


C k = (l®Tr\ q Vk )(RR 21 ) := (1 ® Tr\ Vk )(RR 2 i{l 0 w' 1 )), 
with u given by Proposition |4.4| 


u = 



rprn 



<7; 4 • 


From the explicit expression of the universal R matrix (2.471, it is clear that Cj can be 
written in the form 


C ic=Ck + Cekf, (6-1) 

where Ck £ only depends on Ki, and Cekf £ U q (n + ) ®U q (bi) ®U q (n~) is linear 

combinations of terms with F acting on the right. Since the positive representation V\ is 
irreducible, C k acts as multiplication by a scalar. In particular, the action can be extended 
to the virtual lowest weight vector. Therefore the terms Cekf do not matter, and all we 
need to do is to calculate the action of the Cartan part: 

Lemma 6.1. The eigenvalue C k { A) of C k on V\ is given by (1 ® Tr\v k )(Q 2 (1 0 m -1 )) 
specialized to the actions of Ki on the virtual lowest vector 

TS- 7 TZ 2-Kbj 

Ki = e qie z 


Recall 


n n 

Q = El = V:,l 

i =1 3=1 
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Since Q 2 (l ® u 4 ) is diagonal, the trace is simply given by the sum of the eigenvalues 
over the weight spaces of 14. In particular the action on the second component is simply 
substituting its eigenvalues into Wi. 

Fix a fundamental representation 14, and fix a weight space V such that Wi acts as 
the scalar uii. Then Q acts on the second component as 

n 

Q = II^S 

i =1 


while u acts as 

n 2 uja 1 f 27rioj 

Qi ’ll e 

i i 

hence the corresponding term in the trace is given by 


Tr\v k (Q 2 (l ® w -1 )) = 

i=1 

and the action on the virtual lowest weight vector 5(1>) — if) is given by the scalar 

n 

TT e 4iri> i A 0 . (i )W j _ g47rE _ 

i= 1 

It is important to note that this is a positive scalar , where the dependence on —qi vanished. 
Hence combining all the weight spaces, and using the fact that the image is invariant under 
the Weyl group action on Ai, we can replace A CT (q by — A; and obtain the main result of 
the paper: 


Theorem 6.2. Let pv denote the weight of the weight space V C 14- The generalized 
Casimir operators C k acts by the scalar 

Ck{ A) = ^2 exp (-47r/x v (At)) , (6.2) 

VC14 


where the sum is taken over all the weight spaces ofV k , and (cf. (2.5)) 


n 

At = ^A i 6 i VF i ef )a . 

i= 1 


Corollary 6.3. Ck{ A) is positive, and bounded below by dim 14. 

Proof. Since the arguments in the exponents sum to zero by symmetry, by the AM-GM 
inequality, C4(A) > X^vcv fc 1 = dim 14 and equality holds if and only if all A; = 0. The 
dimension dim 14 of the fundamental representations for each simple Lie type can be found 
in the appendix. □ 

We note that if one rescales the parameters A i b~ 1 Xi, then the eigenvalues Ck{ A) 
is independent on q. This is different from the situation in the compact quantum group 
case, where the Casimirs act as polynomials in q. 

Finally, we observe that the formula is simply the character of e _47rAf> over the funda¬ 
mental representation 14 ■ Hence the result can be rewritten in terms of the Weyl character 
formula. 
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Corollary 6.4. We have 


C k ( A) = 


J2 weW sgn(w)e-^+^ w ^ 


(6.3) 


n Q6A+ (e- 2 -“ ( ^ - e 2 na ( x i>')) 

where Wk is the k-th fundamental weight, which is also the highest weight of Vk ■ In par¬ 
ticular, Ck is invariant under the Weyl group action (2.91 of Xi,. 

Remark 6.5. Actually it follows from the proof that for any finite dimensional represen¬ 
tation V, the central element 


C v = (l®Tr\ q v )(RR.2i) (6.4) 

acts by positive scalar, which is bounded below by dim V. We will call these operators the 
positive (generalized) Casimir operators. 

The conjecture EH that the positive representations V\ are closed under taking tensor 
product then implies 

Conjecture 6.6. The coproduct A (Ck) of the generalized Casimir operators Ck acting on 
V\ ® V/j, is a positive operator, with spectrum bounded below by dim 14 for all k = 1, ..,n, 
and they can be simultaneously diagonalized. 

For example, in the case of Type A 2 , one computes A(Ci) and A(C 2 ) to have 196 terms 
each with all coefficients positive, hence they are positive operators acting on V\ ® V^. 
However to diagonalize them seems to be a very difficult task. 


7 Discriminant variety 


By the quantum Harish-Chandra homomorphism [22], the central characters Ck( A) on 
the generalized Casimir operators C k is invariant under the Weyl group action (2.91 on 


A, and they take on the same value if and only if A lies in the same Weyl group orbits. 

1 

Furthermore, any Laurent polynomials D{ A) spanned by the action of Kf in U q {f]) (cf. 


Definition 2.8 1 that is invariant under the action of W, is given by polynomials in Ck( A). 

We have seen that the generalized Casimir operators Ck acts as a positive scalar on 
the positive representations V\ with parameter (Ai,...,A n ) where Ai > 0. In particular, 
we have a map 


® : ®>o —®>o (7.1) 

(Ai,...,A„) (->• (C'i(A),...,(7n(A)), 

which maps the positive quadrant R[J 0 (isomorphic to the positive Weyl chamber) into a 
simply-connected region TZ. The region TZ is obviously bounded by the hypersurfaces given 
by the image of Si := <f>|A i= 0 j i = 1, n. Furthermore, these hypersurfaces Si are actually 
part of a real algebraic variety known as the discriminant variety (or divisor) defined by 
polynomials in the space R™, hence the region TZ is actually a semi-algebraic set [32]. 
Finally, it appears that the region TZ develops what is called an ADE-type singularity m 
at the point of <f>( 0 , ..., 0 ), though this requires further clarification from other experts. 
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The calculations below and the next section are similar in part to hd , which described 
the discriminant variety in a completely different point of view. Let us consider the 
following expression 

D{X)m n(l-e“ 47r “ ( ^ ) ), (7.2) 

qEA 


where the product is over all roots a of the root system of p. Then this expression is 
invariant under the Weyl group action on At given by (2.9). Hence in particular D( A) can 
be expressed in terms of polynomials given by the generalized Casimir Ck( A). Furthermore, 
by rescaling A i —¥ we see that these polynomials are independent on q. Finally 

note that by setting any A; = 0, we have D{ A) = 0. Hence 


Proposition 7.1. D{ A) is a polynomial in Ck( A). In particular the boundary hypersur¬ 
faces of the image TZ of & is part of the algebraic variety defined by D( A) = 0 on R n , and 
the region IZ is independent on q. 


In the non-simply-laced case, the product can be split over long roots and short roots: 

D( A)= n (l-e- 4 ™^) Yl (l-e- 4 ™^) :mD s D,. 

“6 A erhor-t a£A long 

In particular, D( A) is reducible, and the boundary is composed of two separate hypersur¬ 
faces. 

We will consider the examples of the region 7 Z in type A n as well as other lower rank 
case. In all situation, the polynomial D( A) equals the discriminant of certain polynomials, 
hence D( A) = 0 is also known as the discriminant variety. In geometrical terms, this is 
the variety describing the critical points of the covering T —¥ T/W of the split torus. 


7.1 Type A n 

In Type A n , the first fundamental representation has weight spaces Vi with weight 

( 1 i = 3, 

/W(//,) = < -1 i = j + 1, 

[ 0 otherwise, 

and one can find explicitly: 


^ ^ + - 4iri>2J, = i •— ^ ^ e L i 

2=1 2 = 1 


Now we take the polynomial 

n 

P(x) := (x + e Li ^j . 

Then it is easy to see that two Li will coincides if we set any A k = 0. In particular, this 
means the polynomial P(x) has a double root, hence the discriminant A(P(x)) = 0 gives 
the boundary hypersurface for our region 7Z, and it coincides (up to multiples) with D( A). 

Remark 7.2. P(x) can also be written as 

P{x) = x n+1 + Ci(\)x n + ... + Cn(X)x + 1, 


hence the discriminant gives an explicit expression for 77(A) = 0 in terms of Ck( A). 
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8 Examples in low ranks 


In this section, we will construct explicitly some generalized Casimir operator, and describe 
the region 1Z of the image of <t>. Recall that the generalized Casimir operator is computed 
using 


C fc = (1 <g) Tr\y k )(RR, 2 i). 

In particular, we know from the discussion in Section [6] that it is of the form Ck + Cekf- 
Recall our rescaled notation (2.291 


ei := 



fi := 



Ft. 


For simplicity, throughout the calculations let us denote by 


ki := e 


( 8 . 1 ) 


i.e. the action of —q i 1 Ki on the virtual lowest weight vector. Also we will write A', Y and 
Z as the coordinates taken up by (7i(A),C 2 (A) and Cs(A) respectively. 


8.1 Type A\ 

We have already seen the calculations in Type Ai in Section [3] The Casimir is given by 

C = fe — qK — q 1 A' -1 , (8.2) 

and the eigenvalue is on V\ is given by 

C(A) = e 2nbx + e~ 2nbx . (8.3) 


We have 

D{ A) = (1 - e~ 4nbx ){l - e 4nbx ) =2- e~ 4nbx - e 4nbx =4- <7( A) 2 , (8.4) 

which gives the obvious boundary C(A) = 2. Note that —D{ A) is the discriminant of the 
polynomial 

P{x) — (x + e 2nbx )(x + e~ 2nbx ) = x 2 + C( X)x + 1. (8.5) 


8.2 Type A 2 

The generalized Casimir operator is given by 

Ci =K(q~ 2 K\K .2 + K^Ka + q 2 K;'K^' - q~ 4 K 2 e ifi - qK^&ah + e 21 f 12 ), (8.6) 

C 2 =A'~VAT 1 AT 1 + Ai AT 1 + g“ 2 ATA 2 - gA^'e.f, - g- 1 Aie 2 f 2 + e 12 f 21 ), (8.7) 


where K = Kf K 2 3 , and 


qzejei — q 2e iej 


q-q 


-l 


f — 


qijjfi-q 2 f, f, 
q-q- 1 


( 8 . 8 ) 


are the images of the Lusztig’s isomorphism extended to positive generators [TB]. These 
expressions of the Casimir operators coincide with the explicit formula given in [30]. 
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(8.9) 

( 8 . 10 ) 


The central characters are computed to be 

(^(A) — e§ 7rbAl "*"f 7rbA2 _|_ e ~ § TrbAi + l 71-&A2 _|_ e ~ ^TTbXi — |- 7 rbA 2 

C 2 (\) = e l 7r6A l + f 7rbA2 _|_ e ^bX 1 -^-KbX 2 + e -» 7r bX 1 -^bX 2 ^ 

Taking the discriminant of 

P(x) = (x + e^ 7rbXl + i 7vbX2 )(x + e-^ bXl + ^ nbX2 )(x + e -|^ A i-|^ A 2) 

= x 3 + Ci(A)a; 2 + C' 2 (A)a; + l, (8.11) 

we found the boundary curves to be given by the algebraic equation 

(XY + 9) 2 = 4(X 3 + Y 3 + 27) (8.12) 

with a cusp at (3,3) corresponding to the image of 4>(0, 0). 

8.3 Type A 3 

The full expression of the generalized Casimir operator is too complicated to be listed 
here. However the central characters are easily computed using the information of the 
weight spaces of the fundamental representations. We have 

Ci =klk 2 kl + k~^k 2 kl + k^k^kl + A-, T 'k^\ (8.13) 

C 2 =kik%k3 + fcifc 3 + k^k3 + kik^ 1 + k^k^ 1 + kq 1 k^ 2 k^ 1 , (8-14) 

C 3 =k^k 2 kl + k\k 2 k~ h ~ + kfk^kP + k^k^k^. (8.15) 

The region is bounded by the discriminant of the polynomial 

P(x) =x 4 + Ci (A)* 3 + C 2 ( A)x 2 + C 3 (A)a; + 1, (8.16) 

which is given by 

256 - 27A' 4 + 144X 2 y - 128T 2 - 4X 2 Y 3 + 16T 4 - 192AZ + 18 X 3 YZ - 80 XY 2 Z 

-6 X 2 Z 2 + 144 YZ 2 + X 2 Y 2 Z 2 - 4Y 3 Z 2 - 4 X 3 Z 3 + 18 XYZ 3 - 27Z 4 = 0 

(8.17) 

and develops a cusp at (4,6,4). 

8.4 Type B 2 

The fundamental representations Vi , V 2 of B 2 has dimension 4 and 5 respectively. In order 
to calculate the generalized Casimir, we choose the following representations. Let eij be 
the elementary matrix with 1 at the th position, and 0 otherwise. 

7 iVi (Ei) = ei 2 + e 3 4, 7rvx (E 2 ) = e 23 , 

7 Tvi (Ci) = e 2 i + e4 3 , kv 1 (F 2 ) = e 32 , 

TTvi (Hi) = en — e 2 2 + e 33 — e44 , ttvi (H 2 ) = e 22 — e 33 , 


7V v 2 (Ei) — e 2 3 + e 3 4, 

nv 2 (Fi) = [2] 1 (e 32 + e 43 ), 

q2 

nv 2 (Hi) = 2e 2 2 — 2e44, 
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n v 2 (E 2 ) — ei 2 + 645, 
itv 2 (F 2 ) = e 2 i + e54, 

tvv 2 (H 2 ) = en — e 2 2 + e44 — ess, 





where [2] 1 := q 2 + q 2 . Recall q\ = e 7 ” 6 ” = q 2 ,q 2 = e nzb ^ = q. We denote the 
q 2 

following rescaled variables for the non-simple root vector, which are all positive self- 
adjoint operators on V\ m- 


e 2 i := 


q 2 e ie 2 


3 e 2 ei 


ei 2 := 


e.v := 


q-q L 

e2iei — eie2i 
1 _ 1 5 

q 2 — q 2 
1 _ 1 

<7 2 e 2 iei — q 2 e 1 e 2 i 


q 2 — q 2 

and similarly for f s. Then we have 


ei 2 i := 


q 2 e 2 ei 


2 eie 2 


e 2 i 2 := 


ey := 


q - q~ L 

ei2iei — eiei2i 

1 _ 1 ■> 

q 2 — q 2 
1 _ 1 

q 2 ei2ie 2 i—q 2 e 2 iei 2 i 


Ci = —q~ 2 K 2 K 2 - q~ 1 I < 2 + qK^ - q 2 K^ 2 K^ ( 8 . 18 ) 

+ (q- 3 / 2 K\K 2 + q 3 ' 2 AT^iT^eifi + e 2 f 2 - g^ 1 / 2 ATe 2 ifi 2 i - g 1 / 2 AT 1 ei 2 if 2 i + e. Y fx, 

C 2 = q~ 3 K 2 K 2 + q-'K 2 + 1 + gAf 2 + q 3 I<i 2 K ^ 2 ( 8 . 19 ) 

- [ 2 ] 1 [q~ 1 Ki + gA' 1 _1 )eifi - (, + q 2 K^ 2 K^)e 2 f 2 + e?f? 
q 2 

+ q “[ 2 ] 1 Ai A2ei2if2i + q~ [ 2 ] 1 K 1 1 K 2 1 e2ifi2i — qK 2 1 e2i2fi2 — q 1 A2ei2f2i2 + eyfv, 

q 2 q 2 


with the central characters given by 


Ci (A) = k\k 2 + k 2 + ki 1 + k^k^\ 

(8.20) 

C 2 (A) = k\ k2 + k\ + + k x “1“ 

(8.21) 

The function D( A) is reducible as D( A) = D s (X)Di(X) where 


D S (X) = Ci(A) 2 — 4C 2 (A) + 4, 

(8.22) 

Di(X) = (C 2 (A) + 3) 2 — 4C 2 (A) 2 . 

(8.23) 

In particular the region 7 Z (which lies in the positive quadrant) is 
(cf. Figure [lc| given by 

bounded by two curves 

2 X = Y + 3, X 2 = 4(Y - 1). 

(8.24) 


It also develops a cusp-like singularity at the intersection of the two curves at (4, 5). 

8.5 Type B 3 

The fundamental representations has dimension 8,21,7 respectively, where the second 
fundamental representation is the 21-dimensional adjoint representation. 
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The central characters are given by 

C 1 (\) = Y J (klklk 3 y + Y J {kiklk 3 y+ Y ^ lfe 3 2 . (8-25) 

e=± e=± €1,€2=± 

C 2 (A) = 3 + £ k 2 a 

a€A 

= 3 + + &2 + ^3 + + & 1&2 + ^ 2^3 + & 1&2 ^3 + & 1&2 ^3 + & 1&2 ^3 + inverse, 

(8.26) 

C 3 (A) = 1 + ^ fe? £ + ^(fcife) 2e + ^(fcifofc 3 ) 2e . (8.27) 

e=± e=± e=± 

Consider the characteristic polynomial for the third fundamental representation: 

P(x) = (x — fci)(* — ki‘ 2 )(x — k 2 k 2 )(x — fcj” 2 fcj~ 2 )(a; — k\k 2 k^){x — fcj -2 k^ 2 k% 2 ) 

= 1 + x e + (C 3 (A) — 1)(* + x 5 ) + (C 2 (A) — C 3 (A) + l)(x 2 + * 4 ) + (Ci(A)" — 2C2(A) — 2)* 3 . 

(8.28) 

Then it has multiple roots whenever A i = 0, hence the boundary hypersurfaces are given 
by the zero level set of the discriminant 

A(P(a:)) = X 2 D s D 2 = 0, 

where 

D s = X 2 - 4Y + 4Z - 8, (8.29) 

D t = 36 + 40X 2 - 27X 4 - 132F + 90X 2 F - 47Y 2 - 4Y 3 - 36Z+ (8.30) 

78A' 2 Z - 162FZ + 18 X 2 YZ - 26 Y 2 Z - 27Z 2 - 6.Y 2 Z 2 - 
36YZ 2 + Y 2 Z 2 + 18 Z 3 - 4X 2 Z 3 + 6YZ 3 + 9Z 4 . 

8.6 Type C 3 

The results for type C 3 are very similar to type _B 3 . The fundamental representations 
has dimension 8,21,6 respectively, where the second fundamental representation is the 
21-dimensional adjoint representation. 

The central characters are given by 

c 1 (x) = Y(k 3 iklk 2 1 y + Y(kiktk 2 3 y+ Y k i lk 3 2 ’ ( 8 - 31 ) 

e=± e=± ei,€ 2 =± 

C 2 (A) = 3 + Y k l 

a€A 

= 3 + k\ + &2 + k\ + & 1&2 + & 1&2 + k\k^k\ + k\k^k\ + & 1 & 2&3 + k%k% + inverse, 

(8.32) 

c 3 ( a ) = y + Y( kik *y + Y^ kik »- ( 8 - 33 ) 

e=i e=± e=± 

Consider the characteristic polynomials for the third fundamental representation: 

P(x) =(x — k\){x — k^ 2 ){x — fciA; 2 )(a: — fcj' 1 fc^" 2 )(x — fcifc 2 /c 3 )(a: — k^k^k^ 2 ) 

—1 -f- T* C 3 (A)(x + x 5 ) + (C 3 (A) —C 2 (A))(* + x ) + (Ci(A) + 2C 3 (A))x 3 . 

(8.34) 
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The boundary hypersurface is then given by the zero level set of the discriminant 


A(P(x)) = D t D 2 = 0, 


where 

Di = X 2 - (2 {Z - l ) 2 - 2 Y) 2 , (8.35) 

D a = 108 - 27X 2 + 108Y + 36V' 2 + 4Y 3 - 54 XZ - 18 XYZ - 99 Z 2 - 66 YZ 2 (8.36) 
- 11 Y 2 Z 2 + 14.YZ 3 + 30Z 4 + 10 YZ 4 - 3Z 6 . 


We note that the region 1Z in this case is extremely narrow compared with the one of type 
B 3 (cf. Figure Id and[lf|). 


8.7 Type D 4 

The fundamental representations of type P 4 is special due to the triality symmetries. In 
particular the central characters for Co,Ci and C 3 (using our labeling, cf. Appendix A) 
are just permutation of index of each other, while the second fundamental representation 
corresponding to the center node is the 28-dimensional adjoint representation. 



0 C Y 2 3 


Co(A) = kokik^k 2 + kikz k 2 + kikz + k^ 4 k 3 + inverse, (8.37) 

Ci(A) = kok 2 k$k\ + kok 3 k 2 + koks + k^ 4 k 3 + inverse, (8.38) 

Cz{\) = kokik^k 2 + k 0 k\k\ + k 0 ki + k^ 4 ki + inverse, (8.39) 

C 2 (A) = 4+^fe 2 

a£A 

= 4 + kg + k 2 + k 2 + k 3 + (fcofe ) 2 + (fcifc 2 ) 2 + (fc3 & 2 ) 2 + (feofcrfc 2 ) 2 + (fcofc 3 fc 2 ) 2 + (fclfcsfe ) 2 
+ {kokikzkzj 1 + (fcofcifc 3 fe |) 2 + inverse. (8.40) 

Taking the symmetrized characteristic polynomial of the first (0th node) fundamental 
representation we get 

P(x) =(x + fcofcifcsfc! + A^ 2 fcrW 2 )(z + kikzki + ki 1 k 3 1 k 2 2 )- 
(x + k\ k 3 + k 3 1 k 3 1 )(x + k 3 4 k 3 + fcifcj 1 ) 

= x 4 + C 0 (\)x 3 + (C 2 (A) - 4)x 2 + (Ci(A)C 3 (A) - 4C 0 (\))x + (Ci(A ) 2 + C 3 (X) 2 - 4C 2 (A)). 

(8.41) 

Obviously P(x) has double root whenever Ai = 0 (i.e. ki = 1). Hence the boundary of 
the region 7Z is given by the zero level set of its discriminant A (P(x)), which in this case 
is precisely D( A), a polynomial in Ci( A) consisting of 88 terms. 
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8.8 Type G 2 


The fundamental representations has dimension 14 and 7 respectively. The explicit ex¬ 
pression for the Casimir operators are very complicated in the Chevalley basis so we will 
omit it here. Using Theorem |6.2| we compute the central characters: 


Ci (a) = i + + Y, k 2+( 8 - 42 ) 

e=± e=± e=± 

C 2 { A) = 1 + ^(fcf/c 2 ) e + ^(fcife) 6 + I] fc i- (8.43) 

€=± €=± e=± 

Note that the first fundamental representation contains a copy of weight spaces equal to 
that of the second fundamental representations. 

We use the symmetrized characteristic polynomial from the second fundamental rep¬ 
resentations: 

P(x) = (x + ki + k : [ 1 ){x + fcife + k^ 1 k 2 1 ){x + k 2 k 2 + k^k^ 1 ) 

= x 3 + (C 2 (A) - l)x 2 + (Ci(A) - 2)x + (C 2 (A) - l ) 2 - 2Ci(A), (8.44) 

which has double roots whenever Ai=0, hence the boundary curves is given by the zero 
level set of its discriminant: 

A(P(x)) = D s Di = 0, 

where 


Di = (4X 3 - X 2 - Y 2 - 10 XY - 2X - 101" + 7), (8.45) 

P s =4(y + 2)-(A' + l) 2 . (8.46) 

The boundary of the region 7Z develops a cusp-like singularity at the intersection (14,7) 
of the two curves (cf. Figure [le|. 


A Dimensions of fundamental representations 

The detailed calculations of the dimensions below can be found in [2) Chapter 13]. Let 
dk = dim 14 be the dimension of the fc-th fundamental representations. We denote the 
short roots by black nodes. 


• Type A n : 
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• Type C„: 


• Type D n \ 


• Type E 6 : 


• Type E r : 


1 2 3 4 5 n 


dk = 


L+i-k) - ( 


2 n \ 
n+l+fc/ 

2 n k = 


k± 


n, 

n. 



• Type Eg: 


(do, d 6 ) = (912,133, 8645, 365750, 27664,1539, 56). 



(do,..., d 7 ) 
• Type F 4 : 


(147250, 3875, 6696000,6899079264,146325270, 2450240, 30380, 248). 


12 3 4 


• Type G 2 - 


(di,d 2 ,d 3 ,d 4 ) = (52,1274,273,26). 


1 2 

(di,d 2 ) = (14,7). 
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B Boundary regions of central characters 

We list here the graphs of the boundary region 1Z of the image of $ of the central characters 
in the rank 2 and 3 cases. In all cases we note that the region develops a cusp like singularity 
at the point 

$(0,...,0) = (di, 

where dk is the dimension of the fundamental representations. The grid lines in the graphs 
correspond to the parameters A; £ [0,oo). 
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(e) Type G 2 


(b) Type A 3 


(d) Type B 3 


(f) Type C 3 





Figure 1: The boundary region TZ := $(K" 0 ) in rank 2 and 3. 
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